We discuss a kind of generalized concurrence for a class of high dimensional quantum pure states such that the entanglement of formation is a monotonically increasing convex function of the generalized concurrence. An analytical expression of the entanglement of formation for a class of high dimensional quantum mixed states is obtained. The entanglement of formation is defined for arbitrary dimensional bipartite systems.
for entanglement of formation have been found for systems larger than a pair of qubits, except for some special symmetric states [7] .
Let H be an N-dimensional complex Hilbert space with orthonormal basis e i , i = 1, ..., N.
A pure state on H ⊗ H is generally of the form,
a ij e i ⊗ e j , a ij ∈ C (1) with normalization N i,j=1 a ij a * ij = 1. The entanglement of formation E is defined to be the entropy of either of the two sub-Hilbert space H ⊗ H [4] , E(|ψ ) = −Tr (ρ 1 log 2 ρ 1 ) = −Tr (ρ 2 log 2 ρ 2 ) ,
where ρ 1 (resp. ρ 2 ) is the partial trace of |ψ ψ| over the second (resp. first) Hilbert space of H ⊗ H. Let A denote the matrix with entries given by a ij in (1) . ρ 1 can be expressed as p a E(|ψ a ).
For the case N = 2, (2) can be written as
where h(x) = −x log 2 x − (1 − x) log 2 (1 − x), C is called concurrence, C(|ψ ) = 2|a 11 a 22 − a 12 a 21 |. It is easily verified that E is a monotonically increasing function of C, and hence C can be also taken as a kind of measure of the entanglement. Calculating (4) is reduced to calculate the corresponding minimum of C(ρ) = min M a=1 p a C(|ψ a ), and an analytical expression of (4) is obtained [8] .
For N ≥ 3, there is no explicit analytical expression for the entanglement of formation in general. The concurrences discussed in [9, 10] can be only used to judge whether a pure state is separable (or maximally entangled) or not [11, 12] , since the entanglement of formation is no longer a monotonically increasing function of these concurrences.
Nevertheless, for a special class of quantum states, certain quantities (generalized concurrence) were found to simplify the calculation of the corresponding entanglement of formation [13] . Namely, if AA † has only two non-zero eigenvalues λ 1 and λ 2 , each with degeneracy m,
where
is a kind of generalized concurrence taking values from 0 to 1. One easily
shows that E(|ψ ) is a monotonically increasing function of d.
From the monotonicity and convexity the entanglement of formation for a class of high dimensional mixed states has been calculated analytically [13, 14] In the following we generalize the results in [13] to the case that AA † has n ≥ 3 different non-zero eigenvalues. We present the conditions allowing to derive an explicit lower bound of the entanglement of formation for such kind of arbitrary dimensional mixed states and calculate the lower bound.
Let λ 1 , λ 2 , . . . , λ n , each with degeneracy m, mn ≤ N, be the non-zero eigenvalues of
. . , n, are differentiable functions of two real variables u and v.
We define D = mn √ λ 1 λ 2 · · · λ n to be the generalized concurrence.
[Lemma]. If λ i = λ i (u, v), i = 1, 2, . . . , n, satisfy the following conditions:
then D is a measure of entanglement in the sense that the entanglement of formation of the corresponding pure state is a monotonically increasing function of D.
[Proof] The normalization condition of |ψ , T r(AA
The entanglement of formation of |ψ is given by
From (7) and (8) we have
which is positive if the condition (6) is satisfied. Therefore E(|ψ ) is a monotonically increasing function of D.
The Lemma defines a class of pure states, for which a generalized concurrence can be still well defined. Here we have supposed that all λ i are functions of two real variables.
This implies that there is only one independent variable, accounting to the normalization condition, and the condition (6) could be plausibly satisfied. The most simple case is that
with degeneracy m, the generalized concurrence is given by D = 2m √ uv, which is just the case discussed in [13] , where E(|ψ ) is not only a monotonically increasing but also a convex function of D,
As another example we consider non-zero eigenvalues of AA † such that λ 1 = u, λ 2 = u+v, λ 3 = u + 2v, each with degeneracy m, u and v ∈ IR taking values (0,
3m
). The generalized concurrence is given by D = 3m u(u + v)(u + 2v). It is straightforward to verify that E is a monotonically increasing function of D, since
Due to the relation
E is also a convex function of D.
As E(|ψ ) is a monotonically increasing and convex function of D, instead of calculating E(ρ), one may calculate the minimum decomposition (in the sense of (4) 
a ip a * iq a jq a * jp .
The generalized concurrence defined in [10] ,
where Let Ψ denote the set of all pure states of the form (1) such that i) the Lemma is satisfied;
ii) the entanglement of formation is a convex function of D, i.e.,
We call a mixed state ρ given by ( to the one used in [8] and [13] . It generalizes the results in [13, 14] where the case that AA † has two non-zero eigenvalues is considered.
Let S ipjq be a symmetric N 2 × N 2 matrix whose elements are all zero except for
and Λ ipjq 4 , in decreasing order, be the eigenvalues of the rank four Hermitian matrix √ ρS ipjq ρ * S ipjq √ ρ.
[Theorem]. For a D-computable state ρ, the minimum decomposition of the generalized concurrence D(ρ), i.e. the average generalized concurrence of the pure states of the decomposition, minimized over all decompositions of ρ, is given by
[Proof]. Let r be the rank of ρ and |v k , k = 1, ..., r, be a complete set of orthogonal eigenvectors corresponding to the nonzero eigenvalues of ρ, such that v k |v k is equal to the kth eigenvalue. Other decomposition {|w k } of ρ can then be obtained through unitary transformations:
where U is a t × t unitary matrix, t ≥ r. We have [15] . The diagonal elements Λ ipjq α , α = 1, ..., r, in decreasing order, can always be made to be real and non-negative. They are also the eigenvalues of the Hermitian matrix R ≡ √ ρS ipjq ρ * S ipjq √ ρ. The matrix S ipjq has N 2 − 4 rows and N 2 − 4 columns that are identically zero. It can be seen that the corresponding rows and columns of matrix S ipjq ρ * S ipjq are identically zero as well. Thus the N 2 × N 2 Hermitian matrix S ipjq ρ * S ipjq has a rank no greater than four. It follows that the Hermitian matrix √ ρS ipjq ρ * S ipjq √ ρ is ranked at most four: at least Λ There always exits a decomposition consisting of states |w k , k = 1, . . . , r, such that
.., r. Any decomposition can be written in terms of the states |y k via the equation |z k = r l=1 V * kl |y l , where V is a t × r matrix whose r columns are orthonormal vectors.
The average d ipjq of a general decomposition is given by
where Y is the real diagonal matrix defined by Y kl = y k |S ipjq y * l . Using the fact that
using the Cauchy-Schwarz inequality,
we get
Therefore the minimum decomposition of the generalized concurrence D(ρ) is given by
Due to convex relation between E(|ψ ) and D(|ψ ), the entanglement of formation of ρ is
given by E(D(ρ)).
As a simple example we consider a class of pure states on 3 × 3 (which is not the case in [13, 14] ) with the matrix A given by 
The matrix AA † has two non-zero eigenvalues λ 1 and λ 2 satisfying
It is directly verified that all pure states given by (14) belong to Ψ.
For all mixed states ρ with decompositions on pure states (14) (it is easily seen that once ρ has a decomposition with all the pure states given by (14) , then all other kinds We have studied the entanglement of formation for higher dimensional quantum mixed states. It has been shown that under certain conditions the entanglement of formation is a monotonically increasing and convex function of a generalized concurrence. For a class of (D-computable) arbitrary dimensional mixed states an explicit lower bound of the entanglement of formation is derived. The generalized concurrence defined in this note is a generalization of the one in [13] . However, as we imposed on the condition 
